Abstract. We consider weakly magnetized non-rotating black holes. In the presence of a regular magnetic field the motion of charged particles in the vicinity of a black hole is modified. As a result, the position of the innermost stable circular orbit (ISCO) becomes closer to the horizon. When the Lorentz force is repulsive (directed from the black hole) the ISCO radius can reach the gravitational radius. In the process of accretion charged particles (ions) of the accreting matter can be accumulated near their ISCO, while neutral particles fall down to the black hole after they reach 6M radius. The sharp spectral line Fe Kα, emitted by iron ions at such orbits, is broadened when the emission is registered by a distant observer. In this paper we study this broadening effect and discuss how one can extract information concerning the strength of the magnetic field from the observed spectrum.
Introduction
There are many indications that a magnetic field plays an important role in astrophysical black holes [1] [2] [3] [4] [5] . In particular, the magnetic field is required for the energy transfer from accretion disks to jets, as well as the collimation of the jets themselves. Different models, such as the Blandford-Znajec mechanism [6] [7] [8] and the Penrose mechanism for a magnetic field [9, 10] , agree that in order to explain the produced power of about 10 45 erg in jets by a supermassive black hole of mass 10 9 M , a regular magnetic field of the order of 10 4 G is required. Recent observations of the Faraday rotation of radiation from a pulsar in the vicinity of the Milky Way black hole (SgrA*) implies that one should expect the magnetic field of several hundred Gauss in its vicinity [11] . Models of supermassive black holes with superstrong magnetic field were discussed in [12] .
It is known that a regular magnetic field near the black hole can strongly modify the motion of charged particles [13] [14] [15] . This effect is controlled by a parameter
Here q and m are charge and mass of the charged particle, B is the strength of the magnetic field, and M is the mass of the black hole. In the CGS system of units this parameter b is dimensionless. If b > 1 the charged particle orbits are quite different from the Keplerian ones. For a proton near a stellar black hole of the mass M = 10M this parameter takes the value b = 1 for the magnetic field B ∼ 2 G. For a supermassive black hole of the mass M ∼ 10 9 M the corresponding field is B ∼ 2 × 10 −8 G. One can expect that the parameter b is large for astrophysical black holes 1 . For simplicity in this paper we consider non-rotating black holes.
The matter in an accretion disk surrounding a black hole is in the form of a plasma. Particles in the disk move along the Keplerian circular orbits, slowly loosing their energy and angular momentum and approaching the inner edge of the disk. It is located at the radius of the innermost stable circular orbit (ISCO), which for neutral matter is at 6M . After this, neutral particles almost freely fall into the black hole, bringing to it their energy and angular momentum. However, in the presence of the magnetic field an ISCO radius for charged particles is smaller than 6M and can be located close to the gravitational radius 2M . Hence we assume that charged particles (ions) can be accumulated near their ISCO. If Iron ions are revolving around the black hole at such orbits, the broadening of their sharp emission lines depends both on the radius of the orbit and their velocity. In this paper we discuss how such information, encoded in the observed spectrum, can used for getting information about the magnetic field in the black hole vicinity.
The methods using Fe Kα lines as probes of the black hole vicinity are well known and widely discussed in the literature (see, e.g., [16] [17] [18] [19] [20] [21] [22] [23] [24] [25] [26] [27] [28] 30 ] and references therein). As a result of the fluorescence of Kα in a relatively cold accretion disc, such a spectral line is excited. It is intrinsically very narrow. However, when such an atom or ion is revolving around the black hole, the frequency of registered photons depends on the position and velocity of the emitter. As a result, the observed spectrum is broadened. These broadening spectra were calculated for non-rotating and rotating black holes and the method of calculations can be found in the literature [31] [32] [33] [34] [35] [36] [37] . Here we are going to perform similar calculations for magnetized black holes for the following reasons: (1) In the standard calculations for non-rotating black holes it is assumed that the emitter moves along a Keplerian orbit and its radius is ≥ 6M , while for the magnetized black holes one needs to consider closer orbits (up to 2M ); (2) Even for the orbit of the same radius, the angular velocity in magnetized black holes differs from the Keplerian one; (3) In the standard calculations the averaging over the total disk surface is performed, while in our set-up one can expect that the region where the charged particle motion is modified by the magnetic field is much narrower that the disk size.
This paper contains a brief summary of the results. The paper containing all the details of the calculations will be published elsewhere [38] . In this paper we use units where c = G = 1.
2 Charged particles in magnetized black holes
Equations of motion
In this paper we use the following model. We consider a non-rotating black hole of the mass M and write its metric in the form
Here r g = 2M is the gravitational radius, f = 1 − 1/ρ and t and ρ are dimensionless time and radial coordinates, respectively. We write the potential of the magnetic field in the form (see, e.g., [39] )
Such a field is axisymmetric and homogeneous at infinity where its strength is B.
We assume that a charged particle (mass m, charge q) moves in the equatorial plane, that is, in the plane θ = π/2 orthogonal to the magnetic field. Its equations of motion are Figure 1 . The left plot shows the relation between the radius ρ of the ISCO of the charged particle and the value of the magnetic field b. The right plot shows how the angular velocity Ω of the particle at ISCO depends on its radius. completely integrable and can be written in the first order form
Here E is the conserved specific energy (energy per a unit mass) and L is conserved generalized specific azimuthal angular momentum. We focus on the case when L > 0 and the Lorentz force is repulsive, that is, it is directed from the black hole. Namely this case has the most interesting applications 2 . The parameter b is a dimensionless strength of the magnetic field at infinity and it is determined by Eq.(1.1).
The effective potential
determines main features of the radial motion. It has the following properties: U grows as ρ 2 at infinity. This means that a charged particle with finite energy cannot reach infinity. The equation E = √ U determines the maximal radius where such a particle has a radial turning point. In other words, in the presence of the magnetic field all orbits of charged particles are bounded. The potential U vanishes at the horizon ρ = 1. It either has one local maximum and one local minimum, or it is a monotonic function. We consider stable circular orbits which are determined by a condition dU/dρ = 0. For a given magnetic field b such orbits exist when ρ ≥ ρ ISCO .
Innermost stable circular orbits
The radius ρ ISCO of the innermost stable circular orbit is determined by the conditions
These two equations establish relations between three quantities ρ ISCO , b, and L. One can solve Eq.(2.6) analytically and find the explicit expressions for b and L as functions of ρ ISCO . One also has E = U (ρ ISCO ). Since the corresponding expressions are rather long, we do not present them here. They can be found in [14, 38] . Here we discuss some important properties of ISCO's in magnetized black holes. In the absence of the magnetic field the radius of ISCO is ρ = 3 (in r g units) and the specific energy is E ISCO = √ 8/3. In the presence of the magnetic field the ISCO for charged particles is closer to the horizon. Its radius is monotonically decreasing function of b and, in the limit b → ∞, it tends to the horizon (ρ = 1) (see the left plot in Figure 1 ). The specific energy E ISCO monotonically decreases with the increase of b and in the limit b → ∞ when ρ ISCO → 1 one has E ISCO → 0. This property means that the efficiency of the energy extraction is much higher for charged particles in magnetized black holes (up to 100%) than for neutral ones (up to 5.7%). The right plot in Figure 1 shows the dependence of the angular velocity of the ISCO particle on the radius. One can see, that in the presence of the magnetic field the angular velocity of ISCO particles becomes smaller and vanishes in the limit b → ∞. This is a result of a very strong redshift effect in the vicinity of the horizon.
The action of the magnetic field on the angular velocity can be illustrated in a slightly different way. In the absence of the magnetic field the Keplerian angular velocity at ISCO is 1/(3 √ 6). Consider now a charged particle in the magnetic field which has the same radius of its circular orbit. Let us stress, that this orbit is not ISCO any more. The plot presented in Figure 2 shows how the angular velocity Ω of such a particle depends on the magnetic field. Namely, with the increase of b the angular velocity decreases and tends to zero value. The explanation of this phenomenon is quite simple. The repulsive Lorentz force reduces the required centrifugal acceleration of the revolving particle.
Neutral particles of an accretion disk located in the equatorial plane fall to the black hole practically freely after they reach its inner edge at 6M . However, charged particles (ions) with positive L, after passing the radius 6M , continue to revolve around the black hole slowly losing their energy and angular momentum until they reach their own ISCO radius ρ(b) determined by the parameter b. We assume that such particles are accumulated in the domain between ρ = 3 and ρ ISCO (b). Our purpose is to calculate the spectral broadening of the sharp spectral lines emitted by ions revolving in this domain in the magnetized black hole. Both the position of ISCO and the angular velocity of the charged particles depend on the magnetic field. For this reason one, in principle, can use the dependence of the spectral broadening on the magnetic field parameter b in order to estimate the magnetic field itself.
Model
For calculations of the spectral broadening we use the following simple model. We consider a single ion revolving around the black hole as an emitter sending stationary monochromatic and isotropic (in its own reference frame) radiation. We denote by ω e the emitted frequency. We denote by L∆τ e the total number of quanta emitted in all directions during the interval ∆τ e of the proper time. We assume that the emitter is revolving in the equatorial plane and its radius and angular velocity are ρ e and Ω e , respectively. The azimuthal angle characterizing the position of the emitter is ϕ = Ωt e . It changes in the interval from −π to π.
Some of the emitted quanta (photons) arrive to the observer located at the far distance ρ o from the black hole and they are registered by him/her. We define the spherical coordinates (θ, φ) so that φ o = 0 stands for the distant observer. We denote by θ o the inclination angle, that is the angle between the direction to the observer and the magnetic field at the infinity. A photon emitted at the time t e will arrive at some moment u o (t e ) of the retarded time and it will have frequency ω o (t e ). Both of these quantities can be found by solving the photon's equation of motion between the emitter and the observer. In particular, the frequency ω o depends on the position and the velocity of the emitter, and hence, contains the information about both Doppler shift and gravitational redshift effects. For a given L one can find how many photons will be registered by a distant observer in the time interval (u o , u o + ∆u o ) by a device with an effective aperture A. If one does not fix the time of arrival of photons, but registers only their frequency, one can determine the quantity dN o /dω o as a function of the frequency ω o . We call this quantity the spectrum of the radiation from the emitter 3 .
Photon trajectories
To relate parameters of the emitter and properties of the observed quanta, let us consider propagation of the emitted photons in the Schwarzschild spacetime. The presence of the magnetic field evidently does not affect their motion. It should be emphasized that a similar problem of the spectral line broadening was studied earlier, both in the Schwarzschild and Kerr metrics (see, e.g., discussion in [31, 32, 36, 37] ). However, since the ISCO radius ρ e and angular velocity Ω e depend on the magnetic field, for magnetized black holes one needs to perform these calculations again.
We denote by Φ the angle between the direction to the emitter and the direction to the distant observer. Simple calculations give
The angle ϕ is a position of the emitter on its circular orbit. We choose ϕ = 0 for the direction to the observer and assume that ϕ ∈ (−π, π). It is easy to see that the angle Φ changes in the interval (π/2 − θ o , π/2 + θ o ). It takes its minimal value for ϕ = 0, and the maximal value when ϕ = ±π. At ϕ = ±π/2 one has Φ = π/2. A motion of a photon in a spherically symmetric spacetime is planar, that is its trajectory lies in a plane Π passing through the emitter P e and the direction to the observer P o . For a given point of emission, the photon trajectory is uniquely determined by only one parameter , which is the ratio of the total angular momentum of the photon to its conserved energy (as measured at infinity). A photon moving in the black hole geometry Eq.(2.1) can have no more than one radial turning point. Depending on the radius of the emitter's orbit and the position ϕ on this orbit, there can be two classes of the null rays connecting P e and P o . We call them direct (without a radial turning point on their way from P e to P o ), and indirect (which have a radial point along this way). In the further discussion of the properties of the null rays, the formulas become much simpler if instead of the radius ρ one uses the inverse radius ζ = ρ −1 . For a direct ray the bending angle between the point of the emission ζ e and the point of the observation at infinity (ζ = 0) is
An indirect ray moves at first to the smaller value of ρ. Only after it passes through the minimal radius ρ = ρ m , it propagates to the observer P o . For such a ray the bending angle can be written in the form
where
The following equation
establishes a relation between the position (angle ϕ) of the emitter on the orbit ζ e and the angular momentum of the photon that reaches a distant observer with the inclination angle θ o . In this relation one needs to choose the sign + for a direct ray and − for an indirect one. An analysis shows that for a given inclination angle θ o there exists a limiting value ρ * of the orbit's radius, such that for 1 < ρ e < ρ * all the rays that reach the distant observer are direct ones. The critical inverse radius ζ * can be found from the equation
A solution of this equation monotonically increases from 0 at θ o = 0 to ζ * ,max ≈ 0.568 at θ o = π/2. When ζ e < ζ * a circular orbit contains two parts. For the first part, determined by the relations
one has direct rays, while for the other part of the orbit the rays are indirect.
Spectral line broadening

Redshift
Equation (3.5) determines the angular momentum of a photon, that being emitted at ϕ reaches the distant observer. Since the null ray equations are completely integrable, one can use this integral of motion and to determine the value of the momentum of the photon at any Figure 3 . The left figure shows how the parameter γ, which controls the redshift effect for the charged particle at the ISCO orbits depends on the value of the magnetic field b. The right figure shows how the local velocity v of the charged particle at the ISCO orbits depends on its radius ρ.
point of its trajectory. In order to do this we first introduce a convenient orthonormal tetrad. The first unit vector of it is directed along the timelike Killing vector ξ t , e t = |ξ
The second unit vector e ρ is directed along the radius. The last two unit vectors are e Φ and e. They are orthogonal to the previous two vectors and are tangent to ρ = const 2-sphere. The first of these vectors, e Φ , is directed along the Killing vector ξ φ , which is a generator of the rotations preserving the position of the photon's plane Π. We choose its direction to be from P o to P e . The last vector of the tetrad,ê, is uniquely defined by the property that the tetrad is right-hand oriented.
Denote by p the four-momentum of a photon. Then using the property p 2 = 0 one finds
Here ω o is the photon frequency at infinity, ω o = −(p, e t ), and = ω −1 o (p, e Φ ). Let us at first establish the relation between the emitted (ω e ) and registered (ω o ) frequencies. The four-velocity vector of the emitter is
and e φ is a spatial unit vector, tangent to the orbit
Using the definition of the emitted frequency ω e = −(u, p), one obtains
Calculation of spectral broadening
In order to relate the number of emitted photons L∆τ e and the number of registered ones we proceed as follows. Consider a beam of photons emitted at P e with momenta slightly different from p given by Eq.(4.2). Namely, we consider two independent variations δ p and δ ψ p. The first variation preserves the position of the photon's plane Π, but modifies the photon's trajectory by changing its angular momentum from to + δ . The second variation changes the position of the photon's plane. Namely, it rotates the plane Π around the direction to P e by the angle δψ. The corresponding solid angle for such a beam (as measured in the frame comoving with the emitter) can be found by means of the following relation (for the proof see, e.g., [38] ):
where E is a unit rank-4 totally skew-symmetric tensor and
Using this relations one finds
If one puts a screen orthogonal to the beam at the distance ρ o from the black hole, the area of the image of the beam is
where B = ∂ B ± ( , ζ e ). One can identify A with the aperture of a 'telescope', which registers photons. The number of photons registered per the observer's unit time is
Using these relations one obtains the spectrum of the observed photons
Here we introduce an additional factor Ω/2π which requires an explanation. The observed frequency ω o is a periodic function of t o with the period T o = 2π/Ω. This is a time of the complete revolution of the emitter as measured at infinity. As we shall see later, the frequency ω o changes in some interval (ω min , ω max ) and in this interval there exist two branches of the function ω o (t o ): in the first branch dω o /dt o > 0, while in the second one dω o /dt o < 0. Denote byN the following quantityN
where the integral is taken over both the branches. This gives the total number of photons received by the observer during one period of revolution of the emitter divided by the period T o . In order to provide this useful normalization we included the factor Ω/2π in Eq.(4.11). Calculations give Let us remind that we use the dimensionless quantities obtained by the rescaling which involves the gravitational radius r g of the black hole. However, the quantity C is scale invariant, so that one can rewrite it in the form .16) gives the number of particles registered per a unit time by the observer located at the distance R o , provided the aperture of his/her 'telescope' isÂ. In our set-up C may be considered as a dimensionless normalization constant which does not depend on the position and velocity of the emitter. For convenience, one can put it equal to 1. In such a case we say that we are using the Newtonian normalization. We also denote
Results
For the calculations of the broadened spectrum one uses the relations (4.13) and (4.14). We denote by W = ω o /ω e = α −1 the dimensionless frequency or the redshift factor. Figures 5-7 give examples of plots for the spectra. They show dN o /dω o as a function of W . We use there the Newtonian normalization and put C = 1. Before discussing details of these plots let us make the following general remarks. The equation (3.5) establishes a relation between the position of the emitter ϕ and the photon's angular momentum . It is convenient to solve this equation and express ϕ as a function of . For a given orbit, changes in some interval. Let us consider the expression (4.5). Using Eq.(3.5) one can rewrite it in the form
At the point m , where |Z( )| reaches its maximum value Z m , one has
At these points dα/d = 0. We denote
W + is the maximal observed frequency of photons. Such photons come from the emitter when it is at ϕ + . Similarly, W − is the minimal observed frequency and the corresponding photons are emitted at ϕ − (see Figure 4 ). At these frequencies the spectral function has peaks. The position of the emitter ϕ = Ωt e is a regular (linear) function of time everywhere, including the points where the frequency W reaches its extrema and hence dW/dt e = 0 at these points. When one transforms the rate of emission to the spectrum, one multiplies the former by the factor (dW/dt e ) −1 . This is the origin of the spectrum peaks. The spectral divergence at the peaks is evidently integrable since the total number of photons emitted during one period of the revolution is finite. Let us remind also that the obtained spectrum was calculated for a single orbit with a fixed radius. If a radiating domain is a ring of the finite width, one should integrate the spectrum over the radius ρ e with a weight proportional to the density of the matter of Iron ions in such a ring. After this the infinite peaks disappear and the spectrum would be regularized.
The quantity
determines the width of the spectrum, while the parameter γ −1 controls the general redshifts of the spectra. After these general remarks we return to the discussion of samples of the spectra. For illustration we choose the inclination angle θ o = 25 o . Figure 5 shows the spectrum for the ISCO orbit ρ = 6M in the absence of the magnetic field. Figure 6 shows a similar spectrum for the same radius of the orbit but when the magnetic field is b ≈ 2.251, while Figure 7 shows the spectrum for the ISCO orbit with the same value of the magnetic field b ≈ 2.251.
By comparing Figures 5 and 6 one can see that if one increases the magnetic field keeping the other parameters (ρ e and θ o ) fixed, then the spectral profiles are narrowed. By comparing Figures 5 and 7 one concludes that for ISCO orbits this narrowing is accompanied by a general redshift of the spectral function.
To summarize, the common features of the spectrum plots are: (1) the existence of the two sharp peaks at the frequencies W ± ; (2) the existence of two branches of the spectrum; (3) the increase of the average redshift of the spectral frequencies for ISCO with the increase of the magnetic field; (4) the narrowing of the frequency bands with the increase of the magnetic field; (5) the asymmetry of the spectrum with respect to spectral average frequency.
The above discussion gives simple qualitative explanations of the properties (1)-(3). Let us briefly discuss the last two properties. The left plot in Figure 3 shows γ −1 as a function of the ISCO radius in the presence of the magnetic field b. The larger value of the magnetic field, the closer to the horizon is the corresponding ISCO and the greater is the redshift. Numerical calculations confirm also that the width Eq.(5.4) decreases with the increase of b (property (4)). The asymmetry of the spectrum is a generic property of the broadening of the sharp spectral lines for the emitters moving near black holes. It is a result of the relativistic (Doppler) beaming effect. The calculations show that the asymmetry effect becomes more profound when the inclination angle becomes larger.
Discussion
In this paper we study the effect of broadening of sharp spectral lines emitted by charged particles moving in the vicinity of magnetized black holes. In order to make calculations more transparent we made a number of simplifications. First of all, we restricted ourselves to the case of non-rotating black holes. Certainly, the effects connected with rotation are important. One can expect that astrophysical black holes are rotating, and at least some of them are rapidly rotating with the rotation parameter a = J/M close to 1. For such black holes, even in the absence of the magnetic field, the ISCO radius is located close to the event horizon. In this sense, the action of the rotation on the motion of neutral particles is similar to the effect of the magnetic field on the charged particles motion. In the post-Newtonian approximation the gravitomagnetic field is proportional to the dragging frequency of the local inertial frames. As a result, the gravitomagnetic effects are locally equivalent to inertial effects, that is the gravitational analogue of Larmor's theorem (see, e.g., [40] ). However, there exist an important difference. The local velocity at ISCO of a neutral particle in the Kerr geometry tends to the speed of light in the limit a → 1, while its angular velocity Ω (as measured by a distant observer) remains finite and in this limit it coincides with the angular velocity of the black hole Ω H . In the non-rotating magnetized black hole the charged particle velocity at ISCO practically does not depend on its position (and hence, on the magnetic field) and is about a half of the speed of light (see the right plot in Figure 3) . As a result, in a strong magnetic field the ISCO angular velocity vanishes. We remind that namely this parameter determines the width of the spectral profiles in the magnetized black holes. This makes it interesting calculations of the broadening spectra in rotating magnetized black holes.
Another simplifying assumption is the form of the magnetic field. In realistic black holes one cannot expect that the magnetic field is homogeneous and extends to infinity. However, for the motion of a charged particle in the equatorial plane and in the black hole vicinity this approximation might be reasonable. It is easy to extend the results for other types of a regular magnetic field, e.g., for the dipolar magnetic field around a static black hole (see, e.g., [41] ). Moreover, a model of the homogeneous magnetic field is a good approximation for more realistic magnetic fields generated by currents in a conducting accretion disk, provided the size of the black hole is much smaller than the size of the disk (see, e.g., discussion in [42] ).
In our model we assumed also that charged particles (Iron ions) which emit sharp lines after passing through the radius 6M do not fall into the black hole directly, but being supported by the repulsive magnetic field continue their motion in circular orbits. We assume that the radius of these orbits changes slowly (for example, as a result of the synchrotron radiation). So that such charged particles effectively are accumulated inside 6M and are spread up to their ISCO radius. In order to find effective spectrum broadening one should average the obtained expression Eq.(4.13) over such a ring of the finite size. Such averaging would introduce a natural cut-off of the infinite peaks. It would be interesting to estimate the contribution of such ring's radiation to the general broadening of the integrated disk radiation. In order to perform such calculations one needs rather detailed model of the accreting matter structure inside 6M .
However, one can expect that the main features of this inner domain radiation, namely bigger redshift and narrowing of the spectrum, are of a general nature. This allows one to hope that observations of the broadening of Fe Kα lines in magnetized black holes can provide one with the direct information about the magnetic field in the black hole vicinity.
